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Dictionary Learning

OGiven a dictionary and a signal having a
sparse representation...O

...we can do amazing
things, like Compressed Sensing, etc.

The missing piece -‘-

finding a dictionary actually providing
sparse representations for a class Y
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A First Idea

factorise

the training signals Y = (Y1...Yn) yn ! R
into a dictionary l =(q1...'x) 1! RY
and coefficients X = (X1...XN) X, | RK

Y =1 X Vn = ! Xj

m sparse = many zero coefficients

=

* minimise: ! X! = E Len!lo
n
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IS - not robust to noise
- not suited for compressible signals
- a computational nightmare

Better |dea:

minimise;: ! X! = I X!

suchthat: Y =1 X
| {r 1ty =1 "k}
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Dictionary ldentifiability

Take a dictionary !
+ coefficients X
=signals Y =1 X

The question:

When is (! , X) a local minimum

of the !1- criterion C’
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An Algebraic Result

Sk

Xk Xk

| |
A« A«

| a basis, X a KxN matrix. If for every k there
exists dx with mkaX! de!y < land

Wde = X (s¥)' ! diag("x! "1)je k@ LY

(! , X)) is a strict local minimum of the ! 1-criterion.
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The Model

What happens if the coefficients are drawn
from a sparse random distribution?

X = (an)kn
Xkn — *knYkn 1.1.d.

with 'kn ! P21+ (1" P)o
Okn N (01 1)
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Geometric Inspiration

want dx with ' di!1 < 1and
¥ di = Xi(s¥)' ! diag("x! " 1)j £ k ®k
—_ Y ——

= Uk

Gl
2 iffor Q= [ 1,1]%!

¥, (Q)! By (1)

ue ! BS ()
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Dimension of Q

Q=1 1,1]"!

! k| =non-zerosink-throw ! (1" p)N

P |9]< (1! pN(@! !)

I 2exp(" 2N (1" p)°!%)
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Size of the Ball

P X¥.(Q)! BS' ' Mp

I 4exp K log
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Size of Uk

U = Xk (s¥)' I diag("x! " 1)j £ k mk

I - # T |
Pixil, " Np( 2+ 1) # 2exp —P

2
$—
2+ 1/ 2

P IXK(s9)' 12" PN (K + 1)

PN 2
65 + 2!

I 2exp
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Theorem

If a basis | satisfies

mkax!mk!2< (1" p)(a" 5"

the probability that it is not
locally identifiable is smaller than

6 K 1211 21)
' p

12K exp K log I Np(1! p)-

2
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Outlook

- global vs. local minima

- overcomplete case
- NOISy case
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The Last Slide

Questions

Comments
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